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ABSTRACT

We consider a model of repeated online auctions in which
an ad with an uncertain click-through rate faces a random
distribution of competing bids in each auction and there is
discounting of payoffs. We formulate the optimal solution
to this explore/exploit problem as a dynamic programming
problem and show that efficiency is maximized by making
a bid for each advertiser equal to the advertiser’s expected
value for the advertising opportunity plus a term propor-
tional to the variance in this value divided by the number
of impressions the advertiser has received thus far. We then
use this result to illustrate that the value of incorporating
active exploration into a machine learning system in an auc-
tion environment is exceedingly small.
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1. INTRODUCTION

In standard Internet auctions in which bidders bid by
specifying how much they are willing to pay per click, it
is standard to rank the advertisers by a product of their bid
and their click-through rate, or their expected cost-per-1000-
impressions (eCPM) bids. While this is a sensible approach
to take for determining the best ad to show for a particular
query, it is potentially a suboptimal approach if one cares
about showing the best possible ads in the long run. In on-
line auctions, new ads that may compete in the auctions are
constantly entering the system, and for these ads one will
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typically have uncertainty in the true eCPM of the ad due
to the fact that one will not know the click-through rate
of a brand new ad with certainty. In this case, it can be
desirable to show an ad where one has a high amount of
uncertainty about the true eCPM of the ad so one can learn
more about the ad’s true eCPM by observing whether the
ad received a click and using this information to refine one’s
estimate about the true click-through rate and eCPM of the
ad. Thus even if one believes that a high uncertainty ad is
not the best ad for this particular query, it may be valuable
to show this ad so one can learn more about the eCPM of
the ad and make better decisions about whether to show
this ad in the future.

While there is an extensive literature that analyzes strate-
gic experimentation in these types of multi-armed bandit
problems, the online advertising setting differs substantially
from these existing models. In online auctions there is a
tremendous amount of random variation in the quality of
competition that an ad with unknown eCPM faces in the
auction due to the fact that the ad is constantly competing
in a wide variety of auctions that may differ in a myriad
of different ways. In these settings, there will always be
a certain amount of free exploration that takes places due
to the fact that there will be some auctions in which there
simply are no ads with eCPMs that are known to be high,
and one can use these opportunities to explore ads with un-
certain eCPMs. Almost all existing models of multi-armed
bandits that can be applied to online auctions fail to take
this possibility into account.

This paper presents a model of repeated auctions in which
an ad with an uncertain click-through rate faces a random
distribution of competing bids in each auction and there is
discounting of payoffs in the sense that an auctioneer values
a dollar received in the distant future less highly than a dol-
lar received today. We formulate this problem as a dynamic
programming problem and show that the optimal solution
to this problem takes a remarkably simple form. In each pe-
riod, the auctioneer should rank the advertisers on the basis
of the sum of an advertiser’s expected eCPM plus a term
that represents the value of learning about the eCPM of a
particular ad. One then runs the auction by ranking the ads
by the ads by these social values rather than their expected
eCPMs.

While there have been previous papers on multi-armed
bandits that have proposed ranking arms by a term equal
to the expected value of showing an ad plus an additional
term representing the value of learning about the true value
of that arm, the value of learing in the problem that we con-



sider is dramatically different than the value of learning in
standard multi-armed bandit problems. In standard multi-
armed problems (e.g. Auer et al. 2002) where there is no
discounting of payoffs and no random variation in the com-
petition that an arm faces in a given period, typical solutions
involve ranking the ads according to a sum of the expected
value of the arm plus a term proportional to the standard
deviation in the arm’s value. By contrast, we find that the
value of learning in our setting is proportional to the vari-
ance in an ad’s expected eCPM divided by the number of
impressions that an ad has received. Thus the incremen-
tal increase in the probability that a particular ad is shown
varies with 1%2’ where k denotes the number of impressions
this ad has received so far. This is an order of magnitude
smaller than the corresponding incremental increase in stan-
dard machine learning algorithms. In fact, we show that if
we attempted to rank the ads on the basis of the sum of an
advertiser’s expected eCPM plus a term equal to a constant
times the standard deviation in the advertiser’s eCPM, the
optimal constant in such a ranking scheme would be zero.

A consequence of these small incremental changes in the
probability that an ad is shown is that the total value from
adding active exploration to a machine learning system in
the online auction setting is exceedingly small. Not only
does the incremental increase in the probability that a par-
ticular ad is shown vary with 1%27 but on top of that, the ex-
pected payoff increase that one obtains conditional on show-
ing a different ad than would be shown without active learn-
ing also varies with 5. This implies that the total value of
adding active exploration to a machine learning system in
the setting we consider will vary with 1%4 for large numbers
of impressions k, an exceedingly small amount.

We further obtain finite sample results illustrating that for
realistic amounts of uncertainty in the eCPMs of ads with
unknown eCPMs, the maximum total efficiency gain that
could ever be achieved by adding active learning to a ma-
chine learning system in this auction environment is exceed-
ingly small, typically only a few hundredths of a percentage
point. Finally, we empirically verify these findings through
simulations and illustrate that adding active learning to a
machine learning system in the auction environment we con-
sider only changes overall efficiency by a few hundredths of
a percentage point.

Perhaps the most closely related paper to our work is [30].
This paper is the only other paper we are aware of that con-
siders questions related to the value of learning about the
eCPM bids of ads with uncertain eCPMs in a setting where
there is discounting in payoffs as well as random variation
in the quality of the competition that an ad faces from com-
peting ads in the auction. In [30], the authors show that
the value of showing an ad with an uncertain eCPM will
generally exceed the immediate value of showing that ad
because one will learn information about the eCPM of the
ad that will enable one to make better ranking decisions in
the future. However, in [30], the authors do not attempt to
characterize the optimal solution in this setting, as we do in
the present paper.

There is also an extensive literature in statistics and ma-
chine learning that addresses questions related to multi-
armed bandits ([5], [6], [22], [28]) as well as some papers that
focus specifically on the auction context ([1], [7], [18], [40]).
However, none of these papers considers appropriate meth-
ods for exploring ads in a context when there is discounting

of payoffs, and none of these papers considers appropriate
methods for exploring ads when there is random variation in
the quality of the competition that an ad faces from compet-
ing ads in the auction. The optimal methods for exploring
ads in such a scenario turn out to be completely different
from any of the methods considered in any of these previous
papers, and as such, our work is completely different from
existing machine learning literature.

Finally, there is an extensive literature within economics
related to questions on strategic experimentation. Within
economics, this literature has considered a variety of ques-
tions including consumers trying to learn about the quality
of various products ([11], [12], [13]), firms trying to learn
about the demand curve ([3], [19], [24], [31], [35]), learning
to play repeated games ([4], [21]), learning about untried
policies in a political economy setting ([17], [37]), learning
from the actions of others ([8], [20], [38]), as well as gen-
eral theoretical results on experimentation ([2], [9], [14], [15],
[16], [25], [26], [32], [34], [36], [39]). However, the economics
literature has not considered strategic experimentation in
the online auction setting, as we do in the present paper.

2. THE MODEL

There is a new ad with an uncertain eCPM that will bid
into an auction with competing advertisers. Throughout we
let = denote the actual, unknown value for showing the new
ad and z denote the bid that this ad places in the auction
(on an eCPM scale). We also let k denote the number of
impressions the ad has received so far. Finally we assume
that the ad has some underlying type 6 in the set ©, where
© denotes the set of all possible types of the ad. One can
think of 6* as representing all possible qualities of the ad
that are relevant towards determining the eCPM of the ad
such as the clickability or the quality score of the ad.

For any fixed type of the ad, 8, there will be an associated
eCPM of the ad. We allow for the possibility that, even if
the underlying type of the ad is known and fixed, the eCPM
of the ad may evolve over time as the ad is shown. This is
relevant, for instance, with wear-out of ads. For certain ads,
even if the underlying type or quality of the ad is known with
certainty, it is possible that this ad will lose its effectiveness
over time if the ad is shown over and over again because
users become used to the ad and are less inclined to click
on the ad than before. Thus for any fixed type of the ad,
6", there is some associated eCPM of the ad z(0", k) that
depends both on the underlying type of the ad as well as the
number of impressions the ad has received so far.

While our model allows for the possibility of wear-out
of an ad, empirical studies of wear-out in online advertis-
ing suggest that this wear-out is exceedingly small for ads
that have already been shown a large number of times [29].
In our paper, we model this by assuming that z(6", k) —
z(0*,k + 1) = o(1/k) for all possible underlying types of
the ad, 6*. Our formulation also implicitly assumes that
the number of impressions an ad has received can influence
the ad’s eCPM, but not when these impressions occurred.
While this assumption may not be perfect in every situation,
it seems reasonable in situations where overexposure is the
reason that the number of impressions an ad has received
influneces the ad’s eCPM, and it is a standard assumption
in the multi-armed bandits literature.

At any given point in time, the auctioneer does not neces-
sarily observe the exact type of the ad. Instead the auction-



eer only knows that this type is drawn from some distribu-
tion. We let 6 denote a generic distribution corresponding
to the auctioneer’s estimate of the distribution of types that
the ad may assume. This distribution will evolve over time
as an ad has received more impressions and we have a bet-
ter sense of the underlying eCPM of the ad. We sometimes
write 05 to denote the auctioneer’s estimate of the distri-
bution of types for the ad after the ad has been shown k
times. ~

Throughout we also let Z(0, k) denote an unbiased esti-
mate of the true value of = given the estimated distribution
of types for the ad, 6, and the number of impressions that
the ad has received, k. This value of Z(6, k) is just equal
to the integral of the possible values of z(0*, k) weighted by
the relative likelihoods that the type of the ad is 6" in the
distribution 6.

We also let o7 denote the variance in our estimate of the
eCPM for the new ad when the ad has been shown k times.
In the limit when k is large, o2 will be well approximated
by @ for some constant sz(f(é, k)) that depends only
on %(A, k). In addition, we let § € (0,1) denote the per-
period discount rate so that the mechanism designer only
values advertising opportunities that take place at time T
by a factor of 67 as much as opportunities that take place
at the present time period.

In the model we consider we restrict attention to settings
in which there is a single advertising opportunity that is
being sold at an auction, and the auction is being conducted
using a second price format. We suppose throughout that
the distribution of the values of the competing advertisers is
such that the highest eCPM for a competing ad is a random
draw from some cumulative distribution function F(-) with
corresponding density f(-).

3. DYNAMIC PROGRAMMING PROBLEM

In this section we formulate the value of a particular ad as
a dynamic programming problem and use this formulation to
derive the optimal bidding strategy for a particular ad. First
we derive the total social value that arises in a particular
period when a new ad makes a particular bid.

Note that if the new ad places a bid of z in the auction
and the actual value of showing this particular ad is x, then
the total social welfare that arises as a result of running the
auction once is
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In general placing a bid of z rather than x in a one-shot
auction will result in some inefficencies in the one-shot auc-
tion since it would be optimal for social welfare if the new
ad placed a bid exactly equal to x in a one-shot auction.
If u(z,z) denotes the total social welfare that arises when
a new ad with value x places an eCPM bid of z, then the
social loss that arises in a one-shot auction as a result of
placing a bid of z instead of x is
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Now let Vi (Z(0x, k)) denote the value of the dynamic pro-
gram from displaying an ad that has an expected value of
Z(0k, k) if the ad has been shown k times. Note that we
can express T as T = E(ék, k) 4+ ore, where oy, denotes the
standard deviation in our estimate of the eCPM for the new
ad when the ad has been shown k times, and € is a ran-
dom variable with mean zero and variance one. We use this
notation in proving the following result:

THEOREM 1. The value of the dynamic programming prob-
lem can be expressed as Vi, (T(0x, k)) =

. (maer |:/ F(z) — F(y) dy+
1-9 # Z(0, k) +oe

OF(2)(Ep, ,, Viers (@01, b+ 1)) = V(@0 1)) )

PROOF. Suppose an ad has been shown k times and has
an estimated distribution of types 0i and expected value of
x equal to Z(0, k). The value of the dynamic programming
problem that arises from placing the optimal bid z in the
current period, Vi (Z(0k, k)), is equal to the immediate re-
ward from bidding z (or the negative of the loss function)
that arises in the current period plus § times the expected
value of the dynamic programming problem that arises in
the next period.

Now if the new advertiser places a bid of z, then the prob-
ability the advertiser wins the auction is F'(z), in which case
the expected value of the dynamic programming problem
that arises next period is B, [Vit+1(T(Ok+1, k+1))], where
the expectation is taken over the randomness in the changes
in the estimates of the distribution of types € that arise as a
result of showing this ad. The probability the advertiser does
not win the auction is 1 — F'(z), in which case the value of
the dynamic programming problem that arises next period
remains at Vi (Z(0k, k)). Thus the expected value of the dy-
namic programming problem that arises in the next period
is F(2)Bp, || [Vierr @ (01, k+1))] + (1= F(2) Vi @01, k))-

At the same time we have already seen that the social
value from bidding z that arises in the current period equals

- f;(ék k+ope F(2) = F(y) dy. By combining this with the

insights in the previous paragraphs, it follows that V} (E(ék, k)) =

max F.
z

-/ ) F(z) - F(y) dy+
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By subtracting 6Vi (Z (0, k)) from both sides and dividing
both sides by 1 — §, it then follows that Vi (Z(0k, k)) =

[Vk+1(§(0~k+1, E+1)]+@1- F(z))Vk(f(ék, k)))]
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By using the expression for the value of the dynamic pro-
gramming problem in the previous theorem, we can derive
the bid that an advertiser should place to maximize social
welfare in this setting. This is done in the theorem below:

THEOREM 2. The optimal bidding strategy in the dynamic
programming problem when an ad has been shown k times,
has an estimated distribution of types Oy, and has an ex-
pected value of x equal to T(0k, k) entails setting z = T(Ok, k)+
0(Es, Vi1 (@(Okr1,k+1))] — Vi (zT(6k, k))).

Ok+1
Proor. By differentiating the expression in Theorem 1
with respect to z, we see that the first order condition for z
to be an optimal bid is
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= f(2)(@(Or, k) — =+
0(E; Vk+1(f(9~k+17 E+1)] - Vk(f(ék, k))))

e

From this it follows that the optimal bidding strategy
in the dynamic programming problem entails setting z =
T(0k, k) + (B, [Ver1(@(Ony1, k+1))] = Ve (@(0k, k))). [

Vi@ (01, )]

Thus the optimal bidding strategy in this dynamic pro-
gramming problem can be written in the form whereby the
bidder with uncertain eCPM makes a bid equal to the bid-
der’s expected eCPM plus a term that represents the value
of learning about the true eCPM of that bidder,
6(Eék+1 [Vk+1(f(0k+1,k + 1))] — Vk(f(é)k,k))) In order to
calculate this value of learning, we need to get a sense of the
size of the V4 (Z(0k, k)) terms.

4. VALUE OF DYNAMIC PROGRAM FOR
LARGE NUMBERS OF IMPRESSIONS

In the previous section we have given exact expressions
for the value of the dynamic programming problem and the
optimal bidding strategy that should be followed under this
dynamic programming problem. In this section, we seek
to derive accurate estimates of the value of this dynamic
programming problem in the limit when an ad has already
been shown a large number of times.

When an ad has already been shown a large number of
times, the value of o) that is estimated for the ad is likely
to be very small. For small values of o), we can use a Taylor
expansion to approximate the value of the above dynamic

programming problem. In particular, we obtain the follow-
ing result:

THEOREM 3. E. [fz(9k7k>+gkeF(Z) F(y) dy] =

F(y) dy + 30if ((0k, k) + o(03) for large k.
Proor. If J(ok) = Eg[f;(ék’k)*_”ke F(z) — F(y) dy], then

) = [ F&) — F(y) dy, J'(0) = —Edle(P(2) -
F(Z(0k, k)+ore))], J'(0) = 0, and J"(0) = Ece*f(T(Oy, k)) =
f(@(0k, k)). From this it follows that the second-order Tay-
lor approximation to Ec [~ (Gk K toe F(z) — F(y) dy] is

ff(e_k,k) F(z) = F(y) dy + 301 f(T Ok, k) +o(c?). O

Using the results from the previous theorem, one can im-
mediately illustrate that Vi, must be on the order of % for
large values of k.

THEOREM 4. Vi (Z(0k, k)) = O(3) for large k.

PROOF. First note that it must be the case that Vi (Z(0x, k)) =
Q(4) for large k. We know that o} = ©(%) for large k, and
we also know from the expression in the previous theorem
that the immediate reward in any given period is at least
on the same order as 1. Thus we know that Vi (z(0k, k)) =

Q(4) for large k. But we also know that Vi (Z (Or, k) = O(3)
for large k. To see this, note that the auctioneer can en-
sure that his loss in any given period is O(+) by bidding
z = Z(0r, k). And if the auctioneer’s loss in any given pe-
riod is O(%), then the auctioneer’s total loss from the game
will also be no greater than O(%) because the present value
of the sum of losses that are ©(}), Z;ok(W kj, is also
@(%) since 1 < 377, 6] k% <2 &% = 1< implies

§ <X < ey Thus Vi( (Ox, k) = O(L) for
large k. O

To understand the intuition behind this result, note that
the average error in the estimate of the eCPM of the ad is
proportional to the standard error of this estimate, ok, which
varies with \/E’ so the probability that the auctioneer will
display the wrong ad as a result of misestimating the eCPM
of the ad varies with ﬁ At the same time, conditional
on displaying the wrong ad as a result of misestimating the
eCPM of the ad, the average efficiency loss that one suffers
varies with ﬁ Thus the expected efficiency loss that the

auctioneer incurs varies with %, which in turn implies the
result in Theorem 4.

Theorem 4 suggests that we may be able to express Vi (7(971€7 k))

by Vi(Z(0r, k)) = M + o(3) for large k, where v is
a function that depends only on :c(0;c, k). To prove that
Vk(f(ézﬁk)) can be expressed this way, it is necessary to
show that kVi(Z(0x,k)) indeed converges to a function of
Z(0k, k) in the limit as k — oco. This is done in the following
theorem:

THEOREM 5. kVi(Z(0k, k)) converges to a function of T(0, k)

in the limit as k — oo. Furthermore, it must be the case that

limy 0 kVi (Z(0k, k) = — 5757 5" (@O, k)) f (T (O, k).

PROOF. Since Vi (Z(0x, k)) =
the case that Eék+1[Vk+1(§(ék+1’ k4 1)) —

O(3) for large k, it must be

Vi (Z(0r, k) =

fz(@k k) F(z)-



O(%) for large k. Thus since the optimal bidding strategy
entails~ setting z = T(k, )+5(E9k+1 [Vk+1(f§0k+1, k+1))]—

Vi (Z(0k, k))), it must be the case that z = Z(0x, k)+O(3) for
large k. From this it follows that [~ o F2) = Fly) dy =

o( k2) under the optimal bidding strategy z for large k.
Now we have seen in Theorem 3 that E.[ [~ (G k) toe F (2

)—
F(y) dy) = [Z4, ) F(2) — F() dy + 507 f (@00, k) + o(o?)
for large k. Since we know that [~ k) F(z)— F(y) dy =
O(2 7z ) under the optimal bidding strategy z and we have as-
w +0(4) for large k, it then follows
F(z)=F(y) dy] =

sumed that o7 =
that Ee [ff(ékvk)-‘rffke
o(4) for large k.
But —FE. [f;(e_kak)+0'kf F(z) — F(y) dy] represents the per-
period utility that one obtains at each point in the game.
Since Vi (Z(0x, k)) can alternatively be expressed as the dis-
counted sum of the per-period utility that one can obtain at
each point in the game, it then follows that [kVi (Z(0k, k))| <

5 073320k, K) (@0, K]+ 0(1), meaning
|kVi(@(0r, k)| < 5p1575” (@ (O, k) f (@0, k) + o(1) and
\ka(f(ékv k)| > 3052, 67 557
m s2(T(Ox, k) f(T(Ok, k)) + o(1) in the limit as k — ooc.
From this it follows that |kVi(Z(0k, k))| =

2(1—5)

s2(T(Ok, k) f (@(0k, k). O

1
2(1-9)
From Theorem 5, it follows that we can express Vi (Z(0x, k))

by Vi(Z(0x, k)) = M +o(5) for large k, where v is a

function that satisfies 11( (Or, k) = 2(175)

In order to complete our approximation of the solution the

dynamic programming problem for large k, it is also neces-
sary to bound the expression Ej  [Vit1(Z(0x+1,k +1))] —

Vi (Z(1, k)) that appears in the dynamic programming prob-
lem. This is done in the following theorem:

[Vk+1(§(0~k+1,k+1))]7Vk(f(0~k,k)) =
) for large k.

THEOREM 6. Ej
e 4o (4

ProoOF. Note that if an ad is displayed, then one of two
possible things will happen to the ad—either the ad will re-
ceive a click or the ad will not receive a click. Let p denote
the probability that the ad will receive a click, let . de-
note the estimated distribution of types for the ad if the ad
receives a click, and let 6,, denote the estimated distribu-
tion of types for the ad if the ad does not receive a click.
Note that if 0, denotes the estimated distribution of types
for the ad before the ad was displayed, then it must be the
case that pf. + (1 — p)0n = Ox. And if T. = (0., k + 1),
Tn = T(0n, k+1), and T = T(0y, k + 1), then it also must be
the case that pZ. + (1 — p)Tn = Z.

Now note that the second-order Taylor approximations for
Vit1(Ze) and Viy1(ZTn) are

1
Ve () 2 Vi () 4 Vil (@) @ =) + 5 Vs ()7 — )

and

1
Vi1 (Tn) & Vi1 (T) + Viy1 (F) (Tn — T) + §Vlcﬂ+1(f) (@ —17)°

L $2(@(0, k) f(@ (0, k) +

(@ (O, k) (@(Or, k))]+o(1) =

(@00, 1))@ (T, k))+o(1) and im0 kVi((Fr, k) =

5% (@(Ok, k) (O, k))-

Thus if ' denotes the actual realization of the estimated
eCPM after the ad has been shown k+ 1 times (' will equal
T, with probability p and Z,, with probability 1 — p), then
by utilizing the fact that pZ.+ (1 — p)T,, = T and by taking
a weighted average of the two previous equations, we find
that

E[Vk+1(j/)] = ka-‘—l(jc) + (1 - p)Vk-{-l(En)
N Vi (@) + 5 Vi @E(E -5

From this it follows that E[Viy1(Z') — Vi(Z(0, k))] is

S Vis(@) — i@, ) + 5V @ B — 7))
@0k, k)  v@Okk+1) @Ok k+1) o,
S /:+1 - 2(1:-&- n El@—a)]
(k4 Dv@(0k, k) — kv@(Or, k+1)) v @Ok, k+1))
~ k(k + 1) 2(k+1)
_ 0(®(0, k) v@(k, k) — v(@(Ok, k + 1))

k(k+ 1) k1

@Ok +1) o, s
- WEW? —T)7]

If ¢ denotes the number of clicks that an ad has received
so far, then the predicted click-through rate for an ad that
has received a large number of impressions, k, will be ap-
proximately 7. Thus if b denotes the bid per click that the
ad places, then the eCPM for an ad that has received c clicks
and has been shown k times will be T =~ % From this it

follows that . =~ b(kc:'ll), Ty R klj:v Te — T ~ z((’;ﬁ))’ and
Tp — T = fik(,i’frl). Thus 7’ — Z = O(3) for all possible

realizations of 7', and (7' — T)? = O(7z) for all possible
realizations of T’ as well. We thus know that

a1y D@ -2 =0 (%) (1)

Now it must be the case that Z(0y, k) —Z(0x, k+1) = o()
because z(6*,k) — x(0",k + 1) = o(1/k) for all 6" € © by
assumption. Thus (0, k) —T(0x, k+1) = o(4), and it also
follows that

V" (@O, k+ 1))

(T(Ok, k) — v(F(Or, k+ 1)) = 0 (%) (2)

as well.

By using the results in equations (1) and (2), we see
that it must be the case that ”(E(gk’k));:_f(gk’k*l)) =o(%)
and %E[(x/ —7)%] = o(7z) as well. Substituting

these results in to our earlier approximation for the value of
EVit1(Z') — Vi (z(k, k))] then gives

E[Vk+1(f/) - Vk(i(év k)l = % to (]4312>
|

The intuition behind this result is that since the efficiency
loss that the auctioneer incurs from uncertainty in the eCPM

E[(@ ~ )"



of an ad varies with k, the value of learning will be pro-
portional to the reduction in the future efficiency loss that
the auctioneer suffers as a result of learning more about
the eCPM of the ad, meaning the value of learning will
vary with % - %ﬂ’ which varies with 7. The fact that
EVis1 (@) — Va(@(0, k)] = 2l + 0 (kQ) varies with
1%2 indicates that the incremental increase in an advertiser’s
bid also varies with 75 in the limit when k is large. This in
turn also implies that the incremental increase in an adver-
tiser’s probability of winning the auction will also vary with
L in the limit when k is large.

The result in Theorem 6 suggests that the optimal method
for adding active exploration into a machine learning system
in online auctions will only rarely have an effect on which
ad wins the auction, as the probability that this active ex-
ploration changes which ad is shown varies with 5 for large
k. This result about the value of learning Varylng with kQ
for large k stands in marked contrast to algorithms that
have been proposed for active exploration in standard multi-
armed bandit problems with no discounting of payoffs and
no random variation in the competition that an arms faces
in a given period (e.g. [5]). In these types of algorithms,
the value of learning tends to vary with ﬁ, which means
the value of learning is an order of magnitude smaller in
our setting than in standard multi-armed bandit problems.
Thus the value of learning is dramatically different in an on-
line auction setting than in a standard multi-armed bandit
problem.

S. PERFORMANCE GUARANTEES

The results in the previous sections suggest a possible
algorithm that will well approximate the optimal bidding
strategies for an auctioneer who seeks to show the adver-
tisement that will lead to the greatest social welfare, where
this welfare includes the value of learning about the eCPM’s
of the advertisers with unknown eCPM’s. This algorithm
would proceed by computing the expected eCPM for an ad-
vertiser with unknown eCPM, T, the density for the distri-
bution of competing eCPM bids at this value of Z, f(Z),
the variance s*(Z) in the eCPM for an ad with estimated
eCPM 7T that has only received one impression, and the
number of impressions k that the ad has received. One then
decides which ads to show by computing a score equal to
T+ msz (Z)f(T) for each of the advertisers, where
0 is the auctioneer’s discount factor, and showing the ad from
the advertiser with the highest such score. In this section we
address questions related to the payoffs that the auctioneer
can obtain by using this algorithm and related algorithms.

First we address questions related to how the algorithms
we have considered in this paper will compare to other plau-
sible algorithms that have been considered in the machine
learning literature. One other algorithm that is standard for
multi-armed bandit problems in the machine learning liter-
ature is an algorithm which involves ranking the arms by
a term equal to the expected value of the arm plus a term
that is proportional to the standard deviation in the arm [5].
More generally, one can rank advertisers by a term equal to
the eCPM of the advertiser plus a term that is proportional
to k% for any a < %, where k denotes the number of im-
pressions that the ad has received so far. However, these
algorithms are not well-suited towards the auction environ-

ment, as the following theorem illustrates:

THEOREM 7. Suppose the auctioneer uses a bid for the
advertiser with unknown eCPM that is of the form z =
(0, k) + w, where c(T(0x,k)) is a bounded non-
negative constant that depends only on the term f(ék,k)
(and the distribution of competing bids), and a < % Then
the optimal constant c¢(T(0x,k)) for any such algorithm is
e(T(Or, k)) = 0 for sufficiently large k.

PrOOF. Recall from the proof of Theorem 3 that the
auctioneer’s per-period payoff if the auctioneer uses a bid
for the advertiser with unknown eCPM that is equal to
285 ~ B[, gy FG) = F) dy] = =[5, 4 F(2) =
F(y) dy — ioif(z Ok, k) + o(c?) for large k. Now if z =

(0, k) + 76(1(]3{;’1“)) for some constant ¢(z (0, k)), then

z T(By )+ SE kD)
Fig,n FO-F = G0 8 s
the auctioneer S per- perlod payoff is if the auctioneer uses a
bid for the zgi'{\;/erktiser Witgliugkgown eCPM of the form z =
(O, k) + “EEED js — STGLE) — 167 f(@(Or, k) + 0(0}).

Now if ¢(Z(0k,k)) = 0, then the auctloneer s per-period
payoffis — 1% f(@(0r, k))+0(02) = — L s2(7(Or, k) f (01, k) +
o(4). We then know from the reasoning in the proof of The-
orem 5 that if this is the auctioneer’s per-period payoff, then

the auctioneer’s total payoff from the game is
$*(T(Ok, k)) f(T(Ok, k)))+o(%) regardless of the learn-

%, then the

~ oo
ing rate. Similarly, if ¢(Z(0,k)) # 0 and o =
auctioneer’s per-period payoff is

— 25 (8° (@ (O, k) f (@ Ok, k)) + *(@(0k, k) + o(5), and we
know from identical reasoning that the auctioneer’s total
payoff from the game is m( 2Z(Or, k) f(T(Ok, k) +
AT (O, k))) + o(4), which is strictly less than the auction-
eer’s total payoff from the game when ¢(Z(0x,k)) = 0 for

sufficiently large k.
Finally, if ¢(Z(0x,k)) # 0 and o < %, then the auc-

2 )
tioneer’s per-period payoff is —% + o0 (kh). Since
the auctioneer’s payoff from the game is equal to the dis-
counted sum of the auctioneer’s per-period payoffs, it then
follows that if Vi denotes the auctioneer’s total payoff from

the game from using this strategy, then k**V(Z(0x, k)) <
S5 8T =5 (5)2 @Ok, R))]Ho(1) = — 55y ¢ (F(On, k) +
o(1) in the limit as k& — oo. Thus if ¢(ZT(0k,k)) # 0 and
a < %, then the auctioneer’s payoff from the game is no
_mc2 (E(ek, k))
than —st Xz (Gk,k))f(i(ﬂk,k))—kg
off from using the constant ¢(Z(0k,k)) = 0 for sufficiently
large k. From this and the result in the previous paragraph
it follows that if the auctioneer is using the strategy given in
the statement of this theorem, the auctioneer’s total payoff
for the game will be maximized when ¢(Z(0x,k)) = 0 for
sufficiently large k. [

greater than + 0(32= ), which is less

(i), the auctioneer’s pay-

This result immediately implies that standard existing
machine learning algorithms for exploration which involve
adding a term proportional to the standard deviation to the
eCPM of the ad, such as the UCB algorithm, are actually
dominated by the simple greedy approach of just always
making a bid equal to the eCPM of the ad in an auction

F@(Or, k) (@ (O, k) +



environment with discounting of payoffs. These existing al-
gorithms do too much exploration, and as a result of this,
lead to lower payoffs than the simple approach of not doing
any active exploration at all.

Next we turn to the question of what guarantees can be
given about the size of the performance improvement that
could be obtained by using the algorithm we have proposed
rather than the simple greedy algorithm. Our next result
illustrates that one will indeed obtain a performance im-
provement by using the algorithm that we have proposed,
but the size of the performance improvement is likely to be
very small.

THEOREM 8. Suppose the auctioneer uses the algorithm
we have outlined. Then the expected payoff that the auction-
eer will obtain by using this algorithm will exceed the expected
payoff that the auctioneer would obtain by using the purely

greedy approach by an amount ﬁs‘l (T (O, k) f2(Z (0, k))+

o(k%).

ProOF. We know from Theorem 6 that
By Vi1 (@(Oki1,k + 1))] — Vi(Z(0k, k) =
0 (%) for large k, where (T (O, k) =
sty 8" (@0, k) f(Z(Ok, k), and we also know from the
proof of Theorem 2 that the derivative of the seller’s ex-
pected payoff from making a bid of z with respect to z is
F(2) @O, k)—2+0(Bg,
Thus if we let AV = E9k+1
then the difference between the auctioneer’s expected payoff
from making a bid of Z(0k, k)) and the auctioneer’s expected
payoff from making a bid of (0, k) +
5? (E(ékv k))f(f(élﬁ k)) is

V(@ (0, k)
k(lﬂk»l) +

5
2(1—0)k(k+1)

/ ORI AV HAAV) £ (o) (G, k) — 2 + H(AV) + o(AV))
OWS) 1-4
_ J@0, k) AV )

And since AV = E5k+1
v (@ (0, k) 1\ _ s2@0k,k) f (@ Ok k) :

weey - to (=) = Sa—s Rt~ TO (72), it then fol-
lows that the difference between the auctioneer’s expected
payoff from making a bid of Z(0x, k)) and the auctioneer’s
expected payoff from making a bid of Z(0x, k) +
sa=skarn S @Ok, k) f(T(On, K)) is
st s s @Ok, k) 2 @0k, k) + o(i%). The result then
follows. [

Theorem 8 indicates that the performance improvement
that can be obtained as a result of using the algorithm that
we have suggested is only on the order of 17147 where k denotes
the number of impressions that an ad has received. This
follows from the fact that the incremental increase in the
probability that a particular ad is shown varies with k2’
and on top of that, the expected payoff increase that one
obtains conditional on showing a different ad than would
be shown without active learning also varies with ;. Since
this represents a fourth-order improvement in performance
relative to the purely greedy approach, this result indicates
that the performance improvement that can be obtained by

Vier1 @(Ox11, k+1))] = Vi (T (0, k)))).
(Vi1 (@(Ok 41, k+1))] = Vi (Z(0k, ))),

dz

Vi1 (Z(Oks1, k+1))] = Vi (F(0n, k) =

following our algorithm rather than simply ranking the ads
by their eCPM’s becomes small very quickly.

It is worth noting, however, that the result in Theorem 8
is not due to our algorithm being a suboptimal implemen-
tation of incorporating active exploration into a machine
learning system. Our next result illustrates that while the
size of the performance improvement that can be obtained
by from using our algorithm is small, this algorithm will, in
fact, obtain nearly the maximum possible performance im-
provement over the purely greedy approach of ranking ads
by their eCPM’s.

THEOREM 9. Suppose the auctioneer uses the algorithm
we have outlined. Then the difference between the auction-
eer’s payoff under this strategy and the mazimum possible
payoff the auctioneer could obtain under the theoretically
optimal strategy becomes vanishingly small compared to the
difference between the auctioneer’s payoff under this strat-
egy and the auctioneer’s payoff under the greedy strategy for
large k.

PRrOOF. The theoretically optimal strategy for the auc-
tioneer would entail submitting a bid of z = T(0k,k)) +

B, Vit1(@(Ors1, k + 1)) = Va(@(Or, k) in each time pe-
riod. By the same reasoning as in the proof of Theorem
8, it follows that the difference between the auctioneer’s ex-
pected payoff from making a bid of Z(6x, k)) and the auction-
eer’s expected payoff from making a bid of z = E(ék, k) +
Eg, .\ [Vis1 (Z(On 11, k+1))] = Vi (T(Or, k)) is —f@(e’gk))sz(Av)z +

o((AV)?). Since the auctioneer’s payoff from using the al-

gorithm that we have outlined is also %)75;(&/)2 +

o((AV)?), it then follows that the difference between the
auctioneer’s payoff under the algorithm we have outlined
and the maximum possible payoff the auctioneer could ob-
tain under the theoretically optimal strategy is o((AV)?) =
o(7).

But we know from Theorem 8 that the difference between
the auctioneer’s payoff under the algorithm we have out-
lined and the auctioneer’s payoff under the greedy strat-
egy is sr-syapr s (@(0k, k) F2(@(0k, k) + o( ). From this
it follows that the difference between the auctioneer’s pay-
off under this strategy and the maximum possible payoff
the auctioneer could obtain under the theoretically optimal
strategy becomes vanishingly small compared to the differ-
ence between the auctioneer’s payoff under this strategy and
the auctioneer’s payoff under the greedy strategy for large

k. U

The results in the previous theorems suggest that the max-
imum possible payoff increase that can be achieved by in-
corporating active exploration into a machine learning sys-
tem for online auctions is quite small for auctions involving
ads that have already received a large number of impres-
sions. However, in many auctions it is frequently the case
that there are advertisers that have only received a small
number of impressions, so it is desirable to know whether
these conclusions for ads that have received large numbers
of impressions will also hold for ads that have only received a
small number of impressions. We present a result addressing
this question next in Theorem 10.

THEOREM 10. Suppose the bidder with unknown eCPM
has a CPC bid of 1 and a click-through rate drawn from



a beta distribution with parameters o and . Also suppose
that this bidder’s expected eCPM is w and the standard devi-
ation in this bidder’s true eCPM is yw. Then the difference
between the maxzimum possible payoff the auctioneer could
obtain under the theoretically optimal strategy and the auc-

tioneer’s payoff from the greedy strategy is no greater than
62'y8w6?3

E el where f denotes the supermum of f(-).

The proof of Theorem 10 is lengthy and relegated to the
appendix of the full version of the paper [23]. Theorem
10 presents bounds on the maximum performance improve-
ment that can be achieved over the purely greedy strategy
by using active learning, but it is not immediately clear from
this result whether these bounds imply there are significant
limitations on the performance improvement that can be
achieved by using active learning. We thus seek to shed
some light on this under empirically realistic values of the
parameters.

If the typical eCPM bids for the winning advertisers in an
auction are roughly £w, then the auctioneer’s total payoff for
the game will be roughly %7 and the result in Theorem 10
indicates that the maximum percentage increase in expected
payoff that one can achieve as a result of using the theoreti-
cally optimal strategy rather than the greedy strategy is on

the order of 100%&%.

Furthermore, if the typical eCPM bids for the highest
competing advertisers in an auction are roughly &w, then
f is likely to also be on the order of This holds, for
example, if the highest competing eCf)M bids are drawn
from a lognormal distribution, as the largest value of the

density of a lognormal distribution with parameters p and

2
o? is equal to Cg; ) where £w is the expected value of the
o2
lognormal distribution and ¢(o?) = —£ is a constant that

~ V2ro?2
depends only on ¢?. Furthermore ¢(o?) is likely to be close

to 1 for realistic values of o2 since c(o?) € [0.93, 1.09] for val-
ues of 0% € [0.2,1]. The lognormal distribution is a realistic
representation of the distribution of highest competing bids
in online auctions since both [27] and [33] have noted that
the distribution of highest bids can be well-represented by
a lognormal distribution using data from sponsored search
auctions at Yahoo!.

By using the facts that the value of f is likely to be on
the order of % and the maximum percentage increase in
expected payoff that one can achieve as a result of using the
theoretically optimal strategy rather than the greedy strat-

8 W2 F

egy is on the order of 1()()%&§<1 5)2(1 w)27
that the maximum percentage increase in expected payoff
that one can achieve as a result of using the theoretically
optimal strategy rather than the greedy strategy is on the

2 8, .2

order of 100%W

There is empirical evidence that indicates that the typical
click-through rates for ads in online auctions tend to be on
the order of 7t or 155 [10], so (1—w)? will be very close to 1
and w? is likely to be less than 10™* (for search ads) or 1075
(for display ads). Furthermore, even for a brand new ad,
the typical errors in a machine learning system’s predictions
are unlikely to exceed 30% of the true click-through rate
of the ad, so v < 0.3 is likely to hold in most practical
applications. Finally, £ is a measure of by how much the
highest bid in an auction exceeds the typical eCPM bid of an

average ad in the auction. Since there are normally hundreds

it then follows

of ads competing in online auctions, it seems that one can
conservatively estimate that £ > 3 is likely to hold in most
real-world online auctions.

By combining the estimates in the previous paragraph,

it follows that 100%m will almost certainly be less
than 107°% in search auctions and 10~*'% in display auc-
tions. Now if § < 0.9999, % will be no greater than

108, and if § < 0.99999, % will be no greater than 10*°.

Thus even for values of ¢ that are exceedingly close to 1
(6 = 0.9999 for search ads and 6 = 0.99999 for display ads),

8 2

IOO%W i 6)2 will be no greater than 0.1%. Thus as

long as 6 < 0.9999 (or ¢ < 0.99999 for display auctions), the
bound given in Theorem 10 guarantees that under empiri-
cally realistic scenarios, the maximum possible performance
improvement that can be achieved by incorporating active
learning into a machine learning system is at most a few
hundredths of a percentage point. This is a finite sample re-
sult that does not require a diverging number of impressions
in order to hold.

6. SIMULATIONS

The results of the previous section suggest that the overall
benefit that can be obtained by incorporating active explo-
ration into a machine learning system in an auction envi-
ronment is exceedingly small. We now seek to empirically
verify that the benefit that can be obtained from active ex-
ploration is indeed quite small by conducting simulations
under some empirically realistic scenarios.

To do this, we consider a scenario in which there is a re-
peated auction in which a cost-per-click (CPC) bidder com-
petes against a CPM bidder in each auction. The CPC bid-
der has a CPC bid of 1 and a fixed unknown click-through
rate for all periods that is a random draw from the beta dis-
tribution with parameters ac and fc. The CPM bidder’s
CPM bid varies from period to period, and in each period
we assume that the CPM bidder’s CPM bid is a random
draw from the beta distribution with parameters ans and
Bum. We let f(-) denote the probability density function cor-
responding to this distribution. Throughout we assume that
payoffs are discounted at a rate of § = 0.9995 and that there
are T'= 10000 time periods.

While the CPM bidder’s bid is drawn from the same dis-
tribution in every period, the auctioneer’s beliefs about the
distribution from which the CPC bidder’s click-through rate
is drawn changes over time. In particular, just before the
auction in period t, the auctioneer believes that the CPC
bidder’s true click-through rate is a random draw from the
beta distribution with parameters a: c and B:,c where a:,.c
is equal to ac plus the number of clicks the CPC bidder has
received so far and ;¢ is equal to B¢ plus the number of
times the CPC bidder’s ad was shown but did not receive a
click.

We compare total social welfare under two possible sce-
narios. The first scenario we consider is a standard rank-
ing algorithm in which the ads are ranked purely on the
basis of their expected eCPM bids. The second scenario
we consider is one 1r§ Wthh the CPC bidder makes a bid

of the form T; 4 ° 30=9) (ar C+3Ca>é(ittciﬁt SF1)2 f(@:) for

the CPC bidder in each period t, where T; denotes the CPC
bidder’s expected click-through rate just before the auction
in period ¢, and the CPM bidder bids in the same way as




in the first scenario. This second scenario corresponds to
adding a term equal to the value of learning to the CPC
bidder’s expected eCPM bid in the game with finite time
horizons.

Throughout we focus on scenarios that are motivated by
empirical evidence on the likely expected click-through rates
for ads in online auctions. In particular, since empirical evi-
dence indicates that the typical click-through rates for ads in
online auctions tend to be on the order of 155 or 155 [10], we
focus on situations in which the expected click-through rate
of the CPC bidder is small. Thus in all the simulations we
conduct, we assume that the CPC bidder’s expected click-
through rate is on the order of ﬁ. We further assume that
the CPM bidder’s expected CPM bid is also on the order of
ﬁ in each auction.

Similarly, since it is unlikely that there will be substantial
errors in the estimate of a new ad’s predicted click-through
rate, we also focus on situations in which there is only mod-
erate uncertainty in the click-through rate of a new ad. In
particular, throughout we consider distributions of the CPC
bidder’s bid such that the standard deviation in the adver-
tiser’s click-through rate is no greater than 20 or 30% of the
expected value. However, since there is likely to be consid-
erable variation in the distribution of competing CPM bids
that an advertiser faces, we focus on distributions of the
CPM bidder’s bid for which the variance in this bid is quite
substantial.

Conditions Efficiency Increase
ac =10, Bc = 1000, anr = 2, By = 100 (_(())g{)i;;/;)
ac = 10, e = 1000, anr = 2, B = 200 (583}30}7)
ac = 20, o = 2000, anr = 2, far = 100 (8:882%2)
ac = 20, Bc = 2000, arr = 2, Bar = 200 (8:81%2)

bid for the CPC bidder equal to the CPC bidder’s bid. For
instance, for the first simulation considered in Table 1, the
incremental increase in an advertiser’s bid in the first period
of the game as a result of active exploration is only 3.6%,
implying only about a 1.3% increase in the probability that
the CPC bidder will be shown as well as only about a 1.8%
increase in expected payoff conditional on the auctioneer
showing a different ad under active exploration than under
the purely greedy strategy. Thus the incremental expected
payoff increase that can be achieved by incorporating active
exploration into an existing machine learning system in this
auction setting is at most a few hundredths of a percentage
point.

The results in Table 1 make use of distributions that we
regard as empirically realistic in the sense that there is a re-
alistic amount of uncertainty about the click-through rate of
the CPC bidder as well as a realistic amount of variation in
the distribution of competing CPM bids. It is worth noting
that if one relaxes the requirement that there be a realis-
tic amount of uncertainty about these variances, then it is
possible for the algorithm we have proposed to substantially
outperform the purely greedy strategy of simply making a
bid for the CPC bidder that always equals the CPC bid-
der’s expected eCPM. In particular, if we instead assume
that there is substantially more uncertainty about the CPC
bidder’s bid than we have assumed in the simulations in
Table 1 and we also assume that there is substantially less
variance in the distribution of competing CPM bids than we
have allowed for in Table 1, then there will be considerably
greater benefits to adding active exploration because there
is both more to learn about the CPC bidder’s true eCPM
bid as well as less exploration that will take place for free
solely due to random variation in the competing bids. In
this case, there may well be significant benefits to adding
active exploration to a machine learning system:.

Table 1: Average percentage increase in efficiency
from incorporating active learning into a machine
learning system (with standard errors in parenthe-
ses) after 2500 simulations. None of these results
are statistically significant at the p < .05 level.

Table 1 reports the results of the simulations that we have
conducted. The conclusions from these simulations are strik-
ing. While we have conducted enough simulations to esti-
mate the efficiency gain that can be obtained from adding
active exploration to within a few hundredths of a percent-
age point, none of the resulting estimated efficiency gains
realized in Table 1 are statistically significant. Indeed one
can conclude from all of these simulations that the maxi-
mum possible efficiency gain that could be achieved in these
settings is at most a few hundredths of a percentage point.
These empirical results provide further support for our the-
oretical conclusions that the value of adding active explo-
ration to a machine learning system in an auction setting is
exceedingly small.

The reason for the results observed in Table 1 is that an
optimal exploration algorithm in these auction settings will
only do a tiny additional amount of exploration compared
to a purely greedy strategy of simply always submitting a

Conditions Efficiency Increase
0.70%
ac = 2, B8c = 200, an = 15, Bp = 1000 (0.13%)
0.20%
ac =5, Bc = 500, anr = 15, Bar = 1000 © 06%‘;)

Table 2: Average percentage increase in efficiency
from incorporating active learning into a machine
learning system (with standard errors in parenthe-
ses) after 5000 simulations. These results are all
statistically significant at the p < .001 level.

Table 2 reports the results of simulations that were con-
ducted using distributions in which there is substantially
more uncertainty about the CPC bidder’s click-through rate
and substantially less variance in the CPM bidder’s compet-
ing CPM bid than in the distributions considered in Table 1.
These simulations indeed reveal statistically significant effi-
ciency gains as a result of active exploration. Nonetheless it
is worth noting that the efficiency gains reported in Table 2
are still fairly small. Even when we make assumptions that
bias the case in favor of active exploration being important,
none of the efficiency gains reported in Table 2 are greater
than a few tenths of a percentage point.

7. CONCLUSIONS



In online auctions there may be value to exploring ads
with uncertain eCPM’s to learn about the true eCPM of
the ad and be able to make better ranking decisions in the
future. But the online auction setting is very different from
standard multi-armed bandit problems in the sense that
there may be tremendous variation in the quality of com-
petition that an advertiser with unknown eCPM faces in an
auction, and as a result there will typically be plenty of free
opportunities to explore an ad with uncertain eCPM in auc-
tions where there simply are no ads with eCPM bids that
are known to be high.

We have presented a model of the explore/exploit prob-
lem in online auctions that explicitly considers this random
variation in competing bids that is present in real auctions.
We find that the optimal solution for ranking the ads in this
setting is dramatically different than the optimal solution in
standard multi-armed bandit problems, and in particular,
that the optimal amount of active exploration that results
is considerably smaller than in standard multi-armed ban-
dit problems. This in turn implies that the improvement
in the auctioneer’s expected payoff that can be achieved by
adding active learning to a machine learning system in on-
line auctions is also exceedingly small. Thus while it is the-
oretically possible to improve performance by incorporating
active learning into a machine learning system for online auc-
tions, in a practical exchange environment, a purely greedy
strategy of simply ranking the ads by their expected eCPM’s
is likely to lead to nearly as strong a performance as any
other conceivable strategy.

The model we have used in this paper considers a simple
situation in which there a single advertiser with unknown
eCPM that competes in each period against an advertiser
with known eCPM whose eCPM bid is a random draw from
some distribution. But our conclusions about the value of
learning are not restricted to this simple model. In the full
version of the paper [23] we present a variety of more compli-
cated models including models in which there are multiple
advertisers with unknown eCPMs who need to be ranked
as well as models in which there is correlation between the
unknown eCPMs of multiple different advertisers and infor-
mation from showing one advertiser can help one refine one’s
estimate of the eCPM for some other advertiser. The sub-
stantive conclusions in this paper about the optimal bidding
strategies and the value of learning all extend to a these more
complicated models, so we expect our conclusion that about
the value of active learning being quite small in a practical
exchange environment to be robust to a variety of natural
extensions of the model.
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